Supplementary Appendix

B Additional Proofs

Proof of Proposition 2. Constructing an instance for S = 1 is trivial, so we focus on the case where
S > 2. Consider the following instance. Let the set of prices be D = {1,3,200} and assume that
Y = 1,7s5—1 = 100,vs = 300 and v, = 0 for all w € {1,..., 5 — 2}. Assume also that impatient
customers (w = 0) buy at all three price points, semi-patient customers (w = S — 1) buy at the
prices p = 1 and p = 3 and that patient customers (w = S) can be divided into two subgroups: 1/9
of them buy at both prices p = 1 and p = 3, while the other 8/9 of them only buy at the lowest
price, p = 1.

We now show that the optimal policy that the shortest optimal policy for this family of instances
is 25 periods long for any value of S > 2. We first consider policies that involve a single price,
then move on to policies that involve two prices and, finally, we look at policies that involve all
three prices. Among the three available static pricing policies, the optimal one is to offer a price
of p = 3, which produces average revenue of 403. From Lemma 2, we know that we only need to
use the lowest price in a given cyclic policy once. Therefore, among policies with two prices, it’s
sufficient to consider policies where the higher price is used for T'— 1 periods and the lower price is
only used in period T'. We now consider all three possible pairs of prices. The price pair 3 and 200
yields revenue 600 — % for T < S and 600 — 297 for T' = S + 1. The price pair 1 and 200 yields

S+1
revenue 600 — % for T < S and 600 — 222 for T = S + 1 and the price pair 1 and 3 yields lower

S+1
revenues. The optimal two-price policy thJ:JS yields an average revenue of 600 — %.

We now consider policies that involve 3 different prices. By Theorem 1, it’s sufficient to search
among policies that are at most 2S periods long. For any T" € {3,...,2S}, we can assign the lowest
price, p = 1, exclusively to period T' by Lemma 2. For a given 7', the decision that we need to
make is to what subset of {1,2,...,7 — 1} to assign the price p = 3, with the rest of the periods
having price p = 200. Note that for w = 0, the effective price e; ¢ is higher with p = 200 than with
p =3 and for w =5 —1and w = 9, the effective price e;,, is higher with p = 3 than with p = 200.
This implies that any 3 price policy with length 7" < S and pr = 1 can be replaced by a better 2
price policy since any period ¢ with price p; = 3 adds a period with effective price e; o = 3 but not
does add any effective price e, =3 for w =5—1or w=S. For any T € {S+1,...,25}, the best
case scenario is to have a single period ¢ with e;o = 3 (there must be one period where the price
p = 3 is offered) and all ¢ with ey ,, € {1,3} for w =5 —1 and w = S. As Figure 9 shows, this
can be accomplished by having the price p = 3 exactly at period t =T — S, giving rise to a pricing
policy of the form (200, ..., 200, 3, 200, ..., 200, 1). For such a policy, the average revenue of the firm
is 600 — 1%. By optimizing over T' € {S + 1,...,25}, we find that T = 2S5 is optimal, yielding a
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revenue of 600 — 9—56, which is superior than the best revenue that can be obtained by a static or a
two-price policy.

t=1 t=2 t=T-S t=T

w=0 | 200 | 200 | 200 | 200 | 200 3 | 200| 200|200 200|200 1

3 3 1 1

3 3 3 1 1 1

3 3 3 3 1 1 1 1

3 3 3 3 3 1 1 1 1 1

w=S-1 3 3 3 3 3 3 1 1 1 1 1 1

w=S 3 3 3 3 3 1 1 1 1 1 1 1

Figure 9: The optimization of a 3 price policy involves choosing in which subset of periods 1, ...,T—1
the firm will offer price p = 3 (price p = 1 must be offered exclusively at time 7"). The firm’s revenue
is decreasing in the number of times p = 3 shows up in the first row of the effective prices table
and increasing in the number of times p = 3 shows up in the bottom two rows of the table. The
optimal solution is clearly to let p=3 only at t =T — S.

O]

Proof of Theorem 8. For any € > 0, we use an iterative procedure to construct two sets that we
denote by D. and DX. Initialize the sets so that D. = () and DX = D. Let x be the smallest
element in DX (such an operation is valid since D is closed). Include z in the set D. and remove
[z, + ) from DX. The remaining elements in D2 still form a closed set so we can repeat the

procedure above. Repeat this process until Dg( = (). Once this process is over, D, is a subset of D

with at most @
D..
By Theorem 2, one can compute a policy pe that is optimal for the set of prices D, in time

O(T'VLS?/¢). Let p be the optimal policy when the set of available prices is D, and let p. be the

+ 1 elements such that any element in D is at most 7 away from an element in

rounding of the prices in p down to the closest element in the set D.. By Lipschitz continuity,
R(p:) > R(p) —e. The proof is complete since p. yields higher performance than pe, i.e., R(ps) >

R(p:). =

Proof of Proposition 3. Let p be an optimal policy that is cyclic and whose cycle is of length
S < L <2§. Assume without loss of generality that the lowest price is offered last in the cycle. Let
k be an index such that p; is the second lowest price in the policy. If £k < T — S, then k is a reset
period and, by the Policy Decomposition Lemma, there exists a shorter optimal policy. If & > S,

then consider the reflected policy p”. By the Reflection Lemma, this policy yields as much revenue
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as p. The period T'+ 1 — k is a reset period in the reflected policy, so by the Policy Decomposition

Lemma, there exists a shorter optimal policy. ]

Proof of Proposition 4. A corollary of the Reflection Lemma is that for any cyclic pricing pol-
icy with monotonically increasing prices, there exists a cyclic policy yielding the same revenues
with monotonically decreasing prices. Without loss of generality, let us prove the result for non-
decreasing policies. Consider an arbitrary cyclic non-decreasing policy with length T° < 25. If
T < S+ 1, there is nothing to prove. Suppose T' > S + 1. Then the system necessarily resets
at periods 1 and T'— S — 1 since p; = min{py,...,ps+1}, and pr_s—1 = min{pr_s_1,...,pr}.
By the Policy Decomposition Lemma, there exists a cyclic policy with length less or equal than

max{T —S —1,5+4 1} < S +1 that dominates the original policy. O

Proof of Proposition 5. Consider an arbitrary cyclic monotonic policy with length 7" > j. Without
loss of generality, by the Reflection Lemma and Proposition 4, one may assume that the policy is
non-increasing over the cycle and that 7' < S + 1.

We next establish that one may construct a policy with weakly higher revenues such that
P1 = V0, -y Pj = Vj_1.

Suppose that p; > vg. If pr > vy, then one may increase revenues by setting p; = ps = ... =
pr = vg. Otherwise, let k = min{i € {1,...,S+1} : p; < vo}. In such a case, one may again increase
revenues by setting p;1 = p2 = ... = pr = vg. Suppose now p; < vg. Note that since the policy is
non-increasing, one may assume that only impatient customers (with w = 0) purchase in period 1
when computing revenues. Hence, one may increase revenues by setting p; = vg. We conclude that
one may always weakly increase revenues by setting p; = vg while maintaining the non-increasing
structure.

Assuming that p; = vp and the policy is non-increasing, and using the fact that R(vp) <
R(v1) < ... < R(vj_1), one may show in a recursive fashion that one may weakly increase revenues
by setting po = v1,, ..., pj = vj_1.

We now assume without loss of generality that p; = v;—1,7=1,..., 5.

Case 1: pj+1 < v;. Then increasing p;y1 to vj—1 does not alter the non-increasing structure
of the policy and yields an additional R(v;_1) — R(vj) > 0 per cycle and hence strictly increases
revenues and the initial policy was suboptimal.

Case 2: pji1 > v;. Since the policy is non-increasing, one has that pj1 < p; = vj—1. If
pj+1 < vj—1, then one may strictly increase revenues by increasing it to vj_1. Suppose that
Pj+1 = vj—1. In such a case, consider the policy qi, ..., g7 that coincides with p with the exception

of period j + 1. In particular, we set g;+1 = vo.



We deduce that p was necessarily suboptimal.

We conclude that any optimal cyclic policy with length T > j is non-monotone. O

Proof of Proposition 6. We establish the result by constructing a sequence of problem instances
indexed by m such that cyclic monotone policies perform arbitrarily poorly as n increases to oco.
Preliminaries: Class of instances under consideration. Let k be a positive integer, and let

Wi, = 2M -1, i=1,..k

)

Fixing k, we consider the following family of instances indexed by n. The price set is [0, V].
The maximum willingness to wait is given by S, = wy . Valuations are deterministic denoted by
Uy. Furthermore, for all w € {0,1,...,wgn} \ {win : ¢ = 1,...,k}, v, = 0 and v, = 0, and for
i=1,..k,

_ —in
Vw;,, = 2

_ in
’Y'wi ,n - 2 :

Next, we first lower bound the optimal performance, and then we upper bound the performance of
any cyclic monotone policy.

Step 1: Lower bound on optimal performance. We construct a particular cyclic policy p, with
cycle length S,, + 1, and lower bound its performance. Let

Tin = {j2m:j=1,..20:"0" =1 .k

)

77c+1,n = (Z)

Consider the policy that applies the following prices

Pt = Uy, fort € Tiy\ U?:}H’];’m i=1,..k
Pt = Uy, + 1, otherwise.

In particular, no customer would ever purchase at time periods that do not belong to Uf:ﬂ},n.
Consider the revenues generated by segment k, the most patient customers. All customers with
patience level wy, ,, purchase at time wy , + 1 and the revenues generated are given by:
(Whn + )Yy Ve, = (Whin + 1) = 2kn.

Consider now the revenues generated by segment £ — 1. All customers purchase at times in 7;_1

except for those customers who could purchase at times in 7y ,, = {wg,, + 1}. Hence, the revenues
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generated from segment k£ — 1 are lower bounded by

. WEg—1,n +1

[wk,n +1- (wkfl,n + ]‘)]fywk—l,nvwk—l,n = (wk,n + 1) |:1 Wk p + 1

] = 2M(1—27").

Repeating a similar argument for an arbitrary segment 4, all segment ¢ customers purchase at times

ktl

in 7; 5, except for those customers who could purchase at times in U i

Tjn- Hence, the revenues

generated from segment ¢ are lower bounded by
[Whn + 1= (Wi + DU Tinl s Vs = Whon + 1= (wip + 120770 = 2k (1 —27)

Adding up the revenues generated by the k segments, one has that the total revenues generated

by the proposed cyclic policy are lower bounded by:
R(p) > k(1 —27"). (16)

Step 2: Upper bound on the performance of the best policy in M. Without loss of generality,
one may restrict attention to policies with cycle length at most S+ 1; furthermore, by the reflection
lemma (Lemma 3), one may further restrict attention to non-increasing policies. Consider an
arbitrary cyclic monotone non-increasing policy p in M with cycle length 7' < S, + 1. For j =
0,....K let my, = max{/ : Vwy,, > €tw;,(P)}. Given that the policy is non-increasing over a
cycle, one may assume for revenue computations that all customers arriving at ¢ purchase at time

min{t + w, T}. The average revenues over a cycle may be written as

T—-11t-1 Wk,n

1 .
Rlp) = = S wpil{ve > pit+ Y minfw + 1, T}pri{v, > pr}
t=1 w=0 w=0

Fort <T —1,
t—1 k-1 k-1
> wpil{ve >} = D Yw P Hvwe, > i} <Y Y Vuy o HOwi, > i} < 14 (B —2)727
w=0 i=1 i=1
In addition,

Wk,n k

Z min{w + 1, T}yuprl{vy > pr} < Zmin{wm +1, T}fywiynvme’n’nl{vwm > pr}

w=0 i=1

< T(1+(k—1)27).
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We deduce that

sup R(p) < 2(1+(k—1)27"). (17)
pPEM

Combining (16) and (17), one obtains

suppe v R(P) < 2+ (kE—-1)27"
SUPpep R(p) = k(1—-277m)

Since this bound is valid for arbitrary values of n, and for arbitrary values of k, (9) follows; the

proof is complete. O

Proof of Proposition 7. To simplify notation, we assume without loss of generality that p_c41 =
... = pg = V + 1. Without loss of generality, we may assume that units are consumed in a FIFO
(First in First Out) fashion, as units are indistinguishable. Assuming such an order in consumption
will enable one to track units in the system and in particular track the purchasing price of a unit
consumed in a given period t.

For any policy y and T > 0, we let U3 = Zle vy — peyy denote the utility generated over the
T first time periods.

Step 1: An upper bound on performance. Let A; represent the set of periods such that, if the
consumer would stop purchasing at that period, they would still have enough inventory left over
to consume at period ¢, i.e., Ay = {¢ <t:1I; >t—{}. Then, under the FIFO rule for consumption
and given the fact that consumption is never delayed, the price paid for a unit consumed in period
t (if consumption takes place) is given by p;, where j; = min{¢: £ € A;}.

Note that for all £ € A, by the feasibility of the policy, t — ¢ < I; < ¢, and hence, £ >t — c.
This implies that if a unit is consumed in period ¢, i.e., z;y > 0, then the price paid for that unit,
Pj.» is such that p;, > €, .(p).

For any T > 0,

B o LS o) < 2D =) < L3 - o)
T _Tt:1t Dy, _Tt:1t t,c\P _Tt:1 t,c\P .
We deduce that for any feasible policy y,
y T

oo U ] ~ I
lim inf v < thiloréf T Z(v —ene(p))”. (18)

T—o00
t=1

Step 2: An optimal consumer policy. Consider a policy y where the consumer purchases a unit

to consume at period [ at the first period starting from [ — ¢ when she observes a price that is equal
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to €;.(p), assuming this price is at most v.
We represent whether the consumer buys a unit at time ¢ to consume at time [ by z;; and
wether the consumer owns a unit at time ¢ to consume at time [ by ¢;;. Using this representation,

the total purchases at time ¢ equal
t+c

Yt = Z Zl,t7 (19)
=t

and whether consumption occurs at time ¢ is x; = ¢;;. The policy we are considering is given by

the following algorithm:

Set I1 =0, qus =0, 205 = 0, for £,s € Z.

For all t > 1,

— For alll e {t,t +1,....,t + ¢},

— If py=¢y.(p), v>ps and gr4—1 = 0, Then set zp; = 1.
—  Set o = qri—1 + 2o

We first show that the policy is feasible and then derive its performance. The first step is to
establish that I; = ZZ? 41 9et- We proceed by induction. For ¢ = 0, the result is trivial. Suppose

the result is true for ¢t — 1. One has

t+c—1 t+c t+c
Li=L1+y—a = Z qeg—1+ Z 24 — Tt = Z o + (Qre—1 + 2ee) — o
=t {=t {=t+1

where the second equality follows from the induction hypothesis and Eq. (19); and the third equality
follows from the definition of ¢.. and the fact that ¢4.¢—1 = 0. Note that (g4—1 + 2¢4) — 21 =
gtt — ¢ = 0. One deduces that I; = ZZS; 41 9et and the induction step is complete.

The result above in particular implies that I; > 0 for all ¢ > 1 and that I; = ZZ; 1190t < ¢
and hence the policy is feasible.

We next now derive the performance of the policy. We establish by induction that

T T+c T
Up=> (=) = > > 2.
t=1 t=T+1 s=t—c

Consider the base case. For T' = 1, one has that

14+c 14+c 1
Uy = — = — _ =(w-—p)" -
] =TV — P11 = 2110 — P12, — P Yy 2Pt = (U —Dp1) 2t,5Ps5
t=2 t=2 s=t—c
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where the last term has all elements equal to 0 for all s # 1. The base case is verified. Suppose the
result is true for T'— 1 > 1. One has that

U% = UZX—l + 27V — pryr
@ I T—1+c T—1 T+c
= Z(’U —ee(P)’ - Z Z 2tsPs + LTV — PT Z 20T — PTRT,T

t=1 t=T s=t—c (=T+1
T-1 T-1 T—14c T-1 T+c
~ +
E (v — et,c(p)) +x7rv —prEzroT — E Zt,.sPs — E E Zt,sPs — PT E zeT
t=1 s=T—c t=T+1 s=t—c (=T+1
T—1 T T+c T

(U - gt,C(p))+ +z7v — Z Zt,sPs — Z Z Zt,sPs

t=1 s=T—c t=T+1 s=t—c

=
[M]=
=
|
L
°
S
et
|
]
(]
kS
S
&

where (a) follows from the induction hypothesis and Eq. (19); and (b) follows from the fact that

w1 = g aaps = (0= Ee(p)) "
The average utility generated by the policy by time T is given by

1 T 1 T T+c
Tzv_etc = TZ(U_gtC - = Z Zztsps
t=1 t=1 t T+1 s=t—c

cmax{p: p € D}
T .

(v —Ee(p)” -

vV
M| =
W

~
Il

1

Hence the long-run average performance is given by

R V24 ... 1 ~
pint 7 = lpint 7 30— Elp)”

The latter, in conjunction with the upper bound on the performance on the performance of any

policy (see Eq. (18)), establishes the optimality of the policy y. O
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